A module is regular if all its submodules are (Cohn) pure. The family of all regular modules is closed under products if and only if RjJ{R) is a von Neumann regular ring. If each regular ϋJ-module is semisimple then R is a Γ-ring. An extra condition is needed for the converse* Character modules and extensions of regular and semisimple modules are investigated. 1* Introduction* Rings will be associative with identity and modules will be (left) unitary. R will denote a ring which is not assumed commutative unless specifically stated and J{R) will denote the Jacobson radical of R. Fieldhouse [5] calls a module B regular if each submodule A of B is pure in B, i.e., the inclusion 0-• A->B remains exact upon tensor ing by any (right) iϋ-module. Regular modules have been studied under different definitions by Ware [12] , Zelmanowitz [14] , and Ramamurthi and Rangaswamy [9] . A module is semisimple if it is a sum of simple modules. For a subset A of a module J5, (0: A) will denote the left ideal {r eR\rx -0 for all x e A}. 2* Products. The class of all semisimple modules is closed under products if and only if R/J(R) is a semisimple (Artinian) ring. This follows from the canonical embedding R/J(R) <=-+ ΠR/M, where the product is taken over the set of maximal left ideals M of R. LEMMA 
If I is a two-sided ideal of R, then Rjl is a regular ring if and only if R/I is a regular left (or right) R-module.
Proof. For any left i?//-module B and any right iϋ-module C we have canonical group isomorphisms:
C ® R B ~ (C/CI) ® R B^ (C/CI) ® B/I B .
•If follows that an Iϋ/1-module is regular as an R/I-module if and and only if it is regular as an .R-module. This proves the lemma. In regard to (4) of Theorem 1 the following seems worth noting. Since
This can be viewed as a generalization of the well-known fact: Over a commutative regular ring each module has a maximal submodule.
3* Character modules* Throughout this section R will denote a commutative ring. By the character module of an .R-module E we mean the JS-module E + = Hom z (E, Q/Z) where Q denotes the field of rational numbers and Z denotes the ring of integers. The REGULAR AND SEMISIMPLE MODULES 317 notion of a character module has been exploited by several authors; for example, Lambek [8] , Enochs [4] , Wϋrfel [13] . THEOREM [11, Prop. 9.1] . Thus E is regular.
Proof of (2) . Assume R/J(R) is a regular ring. We first note that ( Proof. Assume R/(0: E) is a semisimple ring. Since (0: E) = (0: E + ), E + is a module over R/(Q: E). Hence E + is semisimple. Conversely, assume E + is a semisimple module. We show E is semisimple and (0: E) is an intersection of a finite number of maximal ideals (hence R/(0: E) is a semisimple ring). By Theorem 2 E is regular. Let 0 Φ x e E, and Rx ~ R/I for some ideal / of R. R/I is a regular ring, and the exact sequence of i2-modules 0->R/I-*E gives an exact sequence E + -> (R/I) + -> 0. Hence (R/I) + is semisimple. We must show R/I is semisimple. Thus we may reduce to the case where R is a regular ring and R + is a semisimple j?-module. We show R is semisimple.
Let {e k \keK} be any set of orthogonal idempotents in R. An example of Faith [7] , pg. 130 shows that Corollary 5 may not hold for a noncommutative ring. 4* Regular implies semisimple* Over any ring R a semisimple module is regular. It is known (see Cheatham [2] or Fieldhouse [6] ) that over a (not necessarily commutative) local ring each regular module is semisimple. Cheatham [2] proves that over a Noetherian ring each regular module is semisimple. This latter result can be weakened slightly to PROPOSITION There is much work to be done in determining which noncommutative rings have all their regular modules semisimple. Before giving our results in the commutative case we require some definitions.
A module is called torsion if each nonzero factor module has a simple submodule. A module E is called S-primary for a simple module S if each nonzero factor module of E has a simple submodule isomorphic to S. Dickson [3] calls a ring R a T-ring if each torsion module decomposes into a direct sum of its primary components. Shores [10] calls a ring R a special ring if R is a non-Noetherian semiprime ring whose socle is a maximal ideal. LEMMA 
Let R be a commutative ring, and S a simple Rmodule. The S-primary component E s of a regular module E is semisimple and is a direct summand of E.
Proof. Let M be an ideal in R such that S ~ R/M. The socle of E s , Soc (E s ), is a pure-injective i?/M-module hence a pure-injective i2-module [1, pg. 29] . Thus E = Soc (E s ) 0 T for some submodule T of E. But Soc (E s ) is large in E s so E s = Soc (E s ) and the lemma is proved. 
An S-primary regular module is semisimple.
Examples of regular torsion modules which are not semisimple abound. Such an example exists over any ring which is not a Tring as shown by the following lemma: LEMMA 
A commutative ring R is a T-ring if and only if each regular torsion module is semisimple.
Proof. A torsion module over a Γ-ring decomposes into a sum of its primary components. By the last corollary each primary component of a regular torsion module is semisimple.
Conversely, if R is not a Γ-ring, R has a special factor ring R/I (Shores [10] ). R/I is a regular ring so a regular i2-module by Lemma 1. R/I is also a torsion i2-module but is not semisimple. (
1) Each regular R-module is semisimple. (2) An R-module E is semisimple if and only if E M is a semisimple R M -module for each maximal ideal M of R. (3) (a) R is a T-ring. (b) Each regular R-module is torsion.
Proof. The equivalence of (1) and (2) was noted in [2] . It is a consequence of the fact that "regular implies semisimple" over a local ring and that (2) holds with "semisimple" replaced by "regular".
(1) -> (3a). A regular factor ring of R must be semisimple by (1) . Thus there is no special factor ring of R and R is a T-ring.
(
1)->(3b). A semisimple module is torsion. (3)->(1). This is an immediate consequence of Lemma 4.
Neither (3a) nor (3b) is sufficient by itself to imply (1) . Tom Shorem has shown (unpublished) that the product of an infinite number of fields (or an infinite number of copies of a single field) is a T-ring. Thus (3a) does not imply (1) . The subring R of ΠΓ=iί\ (where for each i, F t = F, a field) generated by 0Γ=i F t and the unit e of ΠΓ=i ϊ\ is not a T-ring (cf. Dickson [3] ). In fact R is a special ring. In this regard we note PROPOSITION 
If R is a commutative ring whose socle Soc R is a maximal ideal of R, then each regular R-module is torsion.
Proof. It is sufficient to show that a cyclic regular module has a simple submodule. Let I be an ideal in R such that 0 Φ R/I is a regular module. If there is a minimal ideal S of R such that S ΰ£ I then (S + I)/I is a simple submodule of R/I. Otherwise, Soc R Q I so Soc R = I and #// is simple.
The ring of integers would serve as a counter-example to the converse of Proposition 3. 5* Extensions* Let 0 -> A -»5-> C -> 0 be an exact sequence of i?-modules, In this section we give necessary and sufficient conditions for B to be regular (semisimple) whenever A and C are regular (semisimple). 
Consequently, Soc (E/Soc (E)) = 0. But E is torsion so E/Soc (E) = 0 and E = Soc (E) as desired.
THEOREM 6. The following statements are equivalent for a commutative ring R.
(1) Each torsion R-module is regular. (4) -> (1). Let 0 Φ E be a torsion .β-module. We show that E is locally a regular module. It will follow that E is a regular i?-module. We assume E is cyclic. From (4) The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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